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by James F. Morris
Lewis Research Center
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Theoretic electron emission at high electric fields reacts strongly
to the value at which the free-space potential terminates on the emitter
surface. To indicate this effect, it is traditional to tack the simple
image potential to the bottom of the bulk-metal conduction band, to talk
of the implications of the refined model, and to trade its complications
for the ease of the ordinary image at the mathematic outset.

This paper uses a\terminated image potential throughout. The parti-
cular potential resulted from consideration of surface conditions. At the
metal boundary, several mechanisms collecti.excess electrons and drive the
potential up abruptly. However, the surface potential is limited by the
near-equilibrium assumption and the large number of electrons around the
Fermi level.

So for this work, the free-space potential connects to the Fermi
level at the emitter surface,l and there the potential drops directly to
the bottom of the conduction band in a silent tribute to interfacial
ignorance. This wall and corner combination is a mere mathematic approxi-

mation for a rapidly but smoothly changing potential. The actual potential

path is probably similar in severity to the near verticality of the ordinary

image near the emitter face. Thus, in line wiph previous field emission

theory, reflections at abrupt changes in potential are neglected.

1F. M. Propst, Phys. Rev. 129, 7 (1963).“
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ﬂﬁurﬁs%rue%uye—einzﬁé barrier is sketched in Fig. 1. In this model,
the conventional image merely shifts to intercept the emitter surface at
the Fermi level; it is an 0.8 R move for a 4.5-V work function.

This translation seems negligible, but as it was stated previously,
image potentials of the nonterminated (NIP = -e/4x) and terminated
(TIP =~e2/[4x + e/p]) types differ significantly in their effects at high

fields. For example, the Schottky equation,

jye = 120 T2 exp{-[eCP - (eSE)l/z]/(KT)},
predicts current densitites over 0.1 percent higher than those of the

zero-order approximation for the TIP expression when E(V/em) > 2.4 oT (V - %K).

The complete TIP equation is

= : 1/2 2
P - (eSE)l/2 + &E w - (9% 4 ZcpE
. P -2 X7

: 2 KT e

Jprp = 120 T e - Z

3 1/2 + ezE R
5 ep - (eE) e
+ = K -

The zero- and first-order approximations for TIP supra-barrier emission

differ in current densities by more than 0.1 percent only when

2
E > 0.28 (szL + (2 Eq) X 10-3>1/2:] x 108(E in V/em, ¢ in V, T in ©°K).

So the zero-order approximation for emission over the TIP barrier holds
as well as the potential model itself up to 108 V/cm. However, even before

these fields are reached tunneling makes the dike pretty ieaky. Thus,
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emission through as well as over the barrier must be considered.
NIP field-emission functions were published by Burgess, Kroemer, and
Houston.2 Now this paper presents TIP penetration probabilities, and, as

usugl, it all begins with the WKB approximations and restr_ictions.5

X2

X2
P~ £(V,e)exp{- ?—,1 I Egm(ev. _ 6)31/2. axY ~ exp(- (%)1/2 b e
1 1
1/2 ANz
) __€f 1 _ (a\"3/2 (g\1/4 : [
- a(x + i%) : dx )= exp (2) (eE) / 1
1

. /2
2
+ (%)25 -q - K%ﬁal{]l an = exp[; C(a,E)I(a,Si]:

where f varies slowly and is near unity, V is electron potential,

€ 1is kinetic energy of the positive-x-directed compohent of velocity for

an electron within the emitter, ¥ is Planck's constant divided by 2rn, x 1is
distance from the emitter surface, x3 and X, are electron turning points
(at eV - € =0), e and m are electron charge and mass, p is Fermi level,

¢ 1is work function, E is electrostatic field,

af = eSE/BZ: B=p+tep-¢ &= ﬁ/(e@)) £ = eu 2/h4

: 2
1 = eB(x + )/B, 2,1 = +(;2 li’f [4(a2)] s
1+

2R. E. Burgess, H. Kroemer, and J. M. Houston, Phys. Rev. 90, 515 (1953).

3D. Bohm, "Quantum Theory," Prentice-Hall, 1961.



and
N2
5 2 (a/2)? 1/2
a,8) = z 1+ (g) 5 -1 < an
‘ n
M1
Of course, at & = O for nonzero g,
N2
o|1/2
=3 (a/2) _1 2,1/2
I-= 5 l-17- m dn and 2,1 = % [? * (1 - o) ’
k)

which are identical with the NIP expressions.

Because distance, field, and potential are real and positive, the
allowed range of o depends on ©. This & effect limits « to values
from zero (where I = 1) to those indicated in table I.

However, for €<y or ®>1, x3 =0 and 7 = 8(a/2)% for the TIP case.

S0 the definite integral in the TIP penetration probability is,

for 8 <1,




and for & >1,

1/2
g

I(a,8) = [(le - n)(n - nlﬂl/z a(n/2)

/z

(- e s

CP,k) = (l = Y)F(Cp, )

1/2
% (5 - 1)
2711 4y
[+ (8) 6} (1)
2 1/2
Here, v = {l - 4(a/2)2/[1 + (a/2)%8] } , k = modulus of the elliptic
tntegral = [2r/(1)1Y/2, o = stnL (((1 + ¥)/2 - (a/2)28/11 + (a/2)%81 }r )2,

and F(p,k) and E(9,k) are incomplete (complete when ¢ = n/2 as for

e

® < 1) elliptic integrals of the first and second kinds, respectively.

Values of I(a,d) and C(a,E) are listed in tables II and III. These
can be used to compute TIP penetration probabilities;4 they can also be
compared with those for the NIP case, which correspond to I(a,d) at & = O.
' Where the NIP and TIP theories apply, they probably bracket real thermals
field=-emission.

In the use of these transmission coefficients, the usual precautions
must be taken. For example, the distance from the emitter to the outside
of the potential barrier must never decrease to lengths near the size of
surface imperfections, and the emission density cannot be a significant

fraction of the internal electron density. These and other extremes destroy

47, 7. Morris, "Thermal Emission in Electric Fields," proposed NASA
Technical Note.



the simple emission models; so moderation is the rule for TIP's as well
as NIP's.
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TABLE I. - MAXTMUM o VALUES

5]10}0.1 (0.2 [0.4 | 0.8 | 0.8 0.9 | 1.0|>1

atl]l.03]1.06(1.13| 1.23] 1.38 |1.52| 2.0| o
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TABLE III. - I (,5)

(a) 0 <8 > 1.

a o}
0 0.1 0.2 0.4 0.6 0.8 0.9 1.0
" 0.0000!1.000001.00000 [1.00000 {1.00000{1.00000 }1.00000 {1.00000 }1.0C000
.1000| .98168| ,98206 .98243 | .98319( .98394 . 984869 | .98507 . 98545
2000 .93704| .93855 . 94007 .94311] .94615 .94919 | .95072 . 95224
.4000| .78876| .79496 .80117 .813621 .82611 .83865 | .84494 .85126
.6000| .5788l1| .59110 .60545 .63431} .66338 .692668 | .70739 _ . 72216
0.8000| 0.31166{0.33774 |0.36399 [0.41697]0.47080 |0.52488 [0.55226 ’Q? -----
.9000f .16132| .19476 22848 [mmmmmmclemnmcen | eecmmcn ececms [ eecmen-
1.0000( .00000| .041847( .084081( .16970 25682 .34546 | .39033 . 43561
1.0283| m=emm== .00000 |wemmmcee|eccccnc ) meccmen femcnemn |eermans | ceenea-
1.0557] memmmccjmmecc L00000 [mmemmac]cmnccne Jomcnnen |ecmccee | cecea—-
1.,]1270| ememcmm|ccmmmnee | memmmmn 0.00000)] m=mmmmmm] ccmmcns |ccccwcn | mecae=-
1.2000| cremecclccmmacnel cemmcnan e eaeaa 0.029275(0.16280 {0.23065 { =======
1.225]| ccevmmc|ccammacn | crncnm e e 00000 | mmmmecm lraccnac | memcn—-
1.3820| mwe~eme|cccnmercemcmmccn leccanec ccw i ee - 0.00000 |==wm=n= | cecacn=
1.4000| mmmecnc|mmcrecce | cmmcncca |memcanc cncncr e cane e .081262 17954
1.5]195| cewmwoca|cammncne | cmmnnece mccmmae | mrmcmmen e e e 0.00000 | ===e==-
-2 0010 [0 ] I B el L B R e o e 0.00000
T 1<s> B
o o}
1.0 1.2 1.4 2.0 3.0 5.0
0.00000 {1.0C000 |1.00000 l.OOOOO 1,.50000 °1.00000 11..00000 §*

.10000 | .98545( .98599 .98638| .98721 | .98809| .98%914

.40000 1 .85126| .86033 .86699; .881051| .89594 | .91379

1.00000) .43561| .49868 54289 63051 71342 .79787

2.00000{ .00000 | .15455 25607 .44241 1 .800231 .74176

4.00000 ] ====== 081782 17392 .37586 1 .55919| .72254

10.00000 | -====- .069981 | .15588] .35710¢% .54672| .71668

20.00000 | ====== .068509 | .15348| .35423) .54491] .71515

50.00000 | =====-~ .065027 15285 .35630} .54466]} .67671
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Fig. 1. Emission barrier for terminated image potential.
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